CHAPTER III.

TRIGONOMETRIC SERIES.

A. TRIGONOMETRIC FUNCTIONS.

66. For the engineer. and especially the electrical engineer,
a perfect tfamiliarity with the trigonometric functions
and trigonometric formulas is almost as essential as fa-
miliarity with the multiplication table. To use trigono-
metric methods efficiently, it is not sufficient to under-
stand trigonometric formulas enough to be able to look
them up when required, but they must be learned by
heart, and in both directions; that is, an expression sim-
ilar to the left side of a trigonometric formula must im-
mediately recall the right side, and an expression sim-
ilar to the right side must immediately recall the left

side of the formula.

Trigonometric functions are defined on the circle, and on

the right triangle.



Let in the circle, Fig. 28, the direction to the right and
upward be considered as positive, to the lett and downward
as negative, and the angle a be counted from the positive
horizontal OA, counterclockwise as positive, clockwise as
negative.

The projector s of the angle «, divided by the radius, is
called sin «; the projection ¢ of the angle «, divided by the
radius, 1s called cos a.

The intercept ¢ on the vertical tangent at the origin A,
divided by the radius, is called tan «; the intercept ¢t on the
horizontal tangent at B, or 90 deg ., behind A, divided by

the radius, is called cot a.

e Thus, in Fig. 28,

SN = 2, COSQ =

tanozzf; cot @ =

} (1)

In the right triangle, Fig. 29, with the angles o and S,

\3'& e

opposite respectively to the cathetes a and b, and with the

hypotenuse ¢, the trigonometric functions are:



sina = cos § = 7; Cosozsinﬁg} )
_ __ a. __ _ b '
tana =cotf =7, cota=tanf=_.

By the right triangle, only functions of angles up to 90 deg

s
29

functions of any angle are given. Both representations thus

., or = can be defined, while by the circle the trigonometric

must be so familiar to the engineer that he can see the trigo-
nometric functions and their variations with a change of

the angle, and in most cases their numerical values, from

the mental picture of the diagram.

67. Signs of Functions. In the first quadrant, Fig. 28, all

trigonometric functions are positive.

In the second quadrant, Fig. 30, the sin « is still positive,
as s 1s in the upward direction, but cos a is negative, since
c 1s toward the left, and tan o and cot a also are negative,
as t 1s downward, and ct toward the left.

In the third quadrant, Fig. 31, sin o and cos « are both
negative: s being downward, ¢ toward the left; but tan «

and cot « are again positive, as seen from ¢ and ct in Fig.
31



In the fourth quadrant, Fig. 32, sin « is negative, as s
1s downward, but cos « is again positive, as c is toward the
right;

tan a and cot a are both negative, as seen from ¢ and ct
n Fig. 32.

In the fifth quadrant all the trigonometric functions again
have the same values as in the first quadrant, Fig. 28 | that
18, 360 deg .. or 27, or a multiple thereof, can be added to, or
subtracted from the angle o, without changing the trigono-
metric functions, but these functions repeat after every 360
deg .. or 2m; that is, have 27 or 360 deg. as their period.
SIGNS OF FUNCTIONS

Function. | Positive. Negative.
Sin o Ist and 2d | 3d and 4th quadrant | {
COS (v Ist and 4th | 2d and 3d
tan o Ist and 3d | 2d and 4th "
cot «v Ist and 3d |2d and 4th

08. Relations between sin v and cos «v. Between sin o and

cos « the relation,



sin” o 4 cos” a = 1 (4)

exists; hence,

na =+vV1 — cos? a
sSin vV } (1)

Cos @ = \/1 — sin’ o
Equation (4) is one of those which is frequently used in
both directions. For instance, 1 may be substituted for the

sum of the squares of sin @ and cos a, while in other cases
2 2

sin” v 4+ cos” & may be substituted for 1 . For instance,
1 sin® o + cos? v SIN
— = +1=tana + 1.
cos? o cos? o COS (v

Relations between Sines and Tangents.

__ sinco.
tan o = e } (5>
_cosa.
cot o = sin v’

hence



cotar = — :
tam:taqa } ...... . (5a)

cot v’

As tan a and cot a are far less convenient for trigono-
metric calculations than sin o and cos «, and therefore are
less frequently applied in trigonometric calculations, it is
not necessary to memorize the trigonometric formulas per-
taining to tan a and cot v, but where these functions occur,
sin o and and cos «v are substituted for them by equations
(5), and the calculations carried out with the latter func-

tions, and tan o or cot o resubstituted in the final result, if

SIn o
cos o’

the latter contains or 1ts reciprocal.

In electrical engineering tan « or cot v frequently appears
as the starting-point of calculation of the phase of alternat-
ing currents. For instance, if « is the phase angle of a vector
quantity, tan ar is given as the ratio of the vertical component
over the horizontal component, or of the reactive component
over the power component.

In this case, it



X C
cot v = =
) d

and cosa = c (be)

SIN (v = : .
Ve 4 d? Ve df
The secant functions, and versed sine functions are so

little used in engineering, that they are of interest only as

curiosities. They are defined by the following equations:

1
sec = ,
COS O

1
cosec 0 = ——,
sin o

sinversa = 1 — sin a,

cosversa = 1 — cos a,

69. Negative Angles. From the circle diagram of the trigono-



metric functions follows, as shown in Fig. 33, that when
changing from a positive angle, that is, counterclock-
wise rotation, to a negative angle, that is, clockwise
rotation, s,t. and ct reverse their direction, but ¢ re-

mains the same; that is,

sin(—a) = —sin a,

cos(—a) = 4 cos
2 (6)

tan(—a) = — tan a,

cot(—a) = — cot a,

/
cos o thus is an "even function," while the three others

are "odd functions."

Supplementary Angles. From the circle diagram of the
trigonometric functions follows, as shown in Fig. 34, that
by changing from an angle to its supplementary angle, s
remains in the same direction, but ¢, ¢, and ct reverse their
direction, and all four quantities retain the same numerical

values, thus,



.
sin(m — ) = +sin a,
cos(m — ) = — cos
(7)
tan(m — a) = — tan a,
cot(m — a) = — cot a,

Complementary Angles. Changing from an angle « to its

T _

2
39, the signs remain the same, but s and ¢, and also ¢ and

complementary angle 90° — a;, or a, as seen from Fig.

ct exchange their numerical values, thus,

sin (% — a) — COS

COS (% — oz) = Sin « > 8)
tan (5 — oz) = cot «

cot (g — oz) — tan « }

70. Angle (o = ). Adding, or subtracting 7 to an angle
o, gives the same numerical values of the trigonometric

functions

as «, as seen in Fig. 36, but the direction of s and ¢ is

reversed, while ¢ and ¢t remain in the same direction, thus,



(9)

Angle (cv + %) Adding 7, or 90 deg. to an angle «, in-
terchanges the functions, s and ¢, and ¢ and ct, and also
reverses
the direction of the cosine, tangent, and cotangent, but
leaves the sine in the same direction, since the sine is positive
in the second quadrant, as seen in Fig. 37.

Subtracting 7, or 90 deg. from angle «, interchanges
the functions, s and ¢, and ¢ and ct, and also reverses the
direction, except that of the cosine, which remains in the
same direction; that is, of the same sign, as the cosine is
positive in the first and fourth quadrant, as seen in Fig. 38.

Therefore,



sin (4 %) = +cosa

COS (Oé—l—%) = —SINQ P

tan (oz+g) = —cot o
e
sin (oz — %) = —cos a,

COS (a — g) = +sin a,

tan (oz — %) = —cot
Cot(oz—g):—tanoz )

Numerical Values. From the circle diagram, Fig. 28, etc..

follows the numerical values:



sin 0° = 0 cos(0° =1 tan 0° = 0 cot 0° =
sin 30° = 3 c0s30° =3v3 [tand5° =1 | cot45°:
sin 45° = % V2 |cos45° % V /2/tan90° = oo | cot 90° -
sin60°=3-3  |cos60° =5 tan 135° = —1 cot 135° =
sin 90° = 1 cos 90° =0 etc. ete.
sin 120° = % V3
cos 120° = —%
(12)

71. Relations between Two Angles. The following relations

are developed in text-books of trigonometry:

sin(a + 3) = sin acos B + cos asin f3
sin(a — B) = sina.cos B — cos asin 3
e (13)
cos(a + B) = cosacos B — sin asin 3
cos(av — ) = cos avcos B + sin asin
/

Herefrom follows, by combining these equations (13) in

pairs:



cos avcos f = 3{cos
sinasin 8 = ${cos(a
sinavcos 8 = ${sin

cosasin § = +{sin

\

> (14)

By substituting aq for (a + ), and £y for (aw — ) in

these equations (14), gives the equations,

sin av; + sin 1 = 2sin 1“2% cOs 0‘1%51,
sin a;p — sin 8] = 2sin =% 51 so‘l_gﬁl,
cos o] + cos 81 = 2 cos 0‘1;51 COS 0‘1%51,
cos v — cos 31 = —2sin 0‘1;51 sin 0‘1%51

/

> (15)

These three sets of equations are the most important

trigonometric formulas. Their memorizing can be facilitated

by noting that cosine functions lead to products of equal

functions, sine functions to products of unequal functions,

and inversely, products of equal functions resolve into co-

sine, products of unequal functions into sine functions. Also

cosine functions show a reversal of the sign, thus: the cosine



of a sum is given by a difference of products, the cosine of
a difference by a sum, for the reason that with increasing
angle the cosine function decreases, and the cosine of a sum
of angles thus would be less than the cosine of the single
angle.

Double Angles. From (13) follows, by substituting «: for

B
\
SIN 2 = 281N (. COoS Qv
cos 2o = cos® a — sin’ v,
: > (16)
= 2cos”a — 1,
=1 —2sin’a.
/
Herefrom follow
. 9 1 — cos2a 5 1 + cos2a
sin” o = and cos“a = .
2 2
(16a)

72. Differentiation.



d

L (sin ) = + cos a,
(cos ) = —sin a. o

(17)

The sign of the latter differential is negative, as with an

increase of angle a, the cos o decreases.

Integration.

fsinozdoz — Cosoz}

fcos ado = +sin o

Heretrom follow the definite integrals:

cH+2m
/ sin(a + a)da = 0;

c+2m
cos(a + a)da = 0;

cos(a + a)da = —2sin(c + a);

/
/ sin(a 4+ a)da = 2 cos(c + a)
[

(18)

(18a)

(18h)



foﬁ cos ada = ()

Y

Jy sinada=+1; } .......... (18d)

(18¢)

fl% sin ada = 0 }

/0

f(f cos ada = +1.

73. Binomial. One of the most frequent trigonometric op-
erations in electrical engineering is the transformation
of the binomial, a cos @ + bsin «, into a single trigono-
metric function, by the substitution, a = ccosp and

b = csin p; hence,

acosa + bsina = ccos(a — p), (19)

where

b
c=vVa>+b and tanp=-—; ... . (20)

a

or, by the transformation, a = c¢sinq and b = ccosq.

acosa + bsina = csin(a + q), (21)



where

c=va>+b and tanq:%... o (22)

74. Polyphase Relations.

(23)

Soricos (a+a £ 2T =0 }
Solisin (a4 a £ #E) =0 |

where m and n are integer numbers.
Proof. The points on the circle which defines the trigono-

2mi7r)
- .

metric function, by Fig. 28, of the angles (Oz +a £
are corners of a regular polygon, inscribed in the circle and
therefore having the center of the circle as center of grav-
ity. For instance, for n = 7,m = 2, they are shown as
PP, .. . P

the projections on the vertical, the sines, the projections on

o in Fig. 39. The cosines of these angles are
the horizontal diameter, and as the sum of the projections
of the corners of any polygon,

on any line going through its center of gravity, is zero,

both sums of equation (23) are zero.



S icos (o +a £ 2 cos (o + b £ 2YT) = Zcos(a — —b
1

n n 2

o1 isin (o + a2 sin (o + b+ ) = G eos(a — D),

>lisin (a+a+ 22 cos (o + b £ 2T) = Zsin(a — b).
(24)

These equations are proven by substituting for the prod-

ucts the single functions by equations (14), and substituting
them in equations (23).

75. Triangle. If in a triangle «, 8, and ~y are the angles,
opposite respectively to the sides a, b, ¢, Fig. 40, then.,

sina +-sinf8+siny=a-+b+c¢,... . (25)
or
CosSy = a2+2[fb_c2; Area = abszim 27
02 — a2 -+ bQ — 2ab cos Y- =< S;Ilsgljnﬁ |



B. TRIGONOMETRIC SERIES.

76. Engineering phenomena usually are either constant, tran-
sient, or periodic. Constant, for instance, is the termi-
nal voltage of a storage-battery and the current taken
from it through a constant resistance. Transient phe-
nomena occur during a change in the condition of an
electric circuit, as a change of load; or, disturbances
entering the circuit from the outside or originating in
it, etc. Periodic phenomena are the alternating cur-
rents and voltages, pulsating currents as those produced
by rectifiers, the distribution of the magnetic flux in
the air-gap of a machine, or the distribution of voltage
around the commutator of the direct-current machine,
the motion of the piston in the steam-engine cylinder,
the variation of the mean daily temperature with the

seasons of the year, etc.

The characteristic of a periodic function, y = f(x), is

) )

that at constant intervals of the independent variable x.

called cycles or periods, the same values of the dependent



variable y occur.

Most periodic functions of engineering are functions of
time or of space, and as such have the characteristic of uni-
valence; that is, to any value of the independent variable x
can correspond only one value of the dependent variable y.
In other words, at any given time and given point of space,
any physical phenomenon can have one numerical value only,
and therefore must be represented by a univalent function
of time and space.

Any univalent periodic function,

Y= f(QE), (1>

can be expressed by an infinite trigonometric series, or

Fourier series, of the form,

Yy = ag + aj cos cx + as cos 2cx + azcosdcx + . ..

+ by sincx + bysin2cx + bysin3cx + ... (2)

or, substituting for convenience, cx = 6, this gives



y = ag+ aj cosd + as cos20 + azcos 30 + ...
‘|—b1811”1(9—|—b28ﬂ12(9—|—b381113(9—|—... (3)

or, combining the sine and cosine tunctions by the bino-

mial (par. 73),

Yy = ag+ c1cos (0 — B1) 4+ cacos (20 — o) + c3cos (30 — B3
= ag + c18in (0 + 1) + co8in (20 + v2) + c38in (30 + 73) -
(4)
where

or



N
Cp = \/aan + bn27
by
tan Bn — a, ? (5>
tan v, Z—Z )

is given by showing that the coefhic
s (3) can be determined from the nume

¢ function (1), thus,

y = f(z)= fo(0)

/

values of the periodic function (1), thus,
Since, however, the trigonometric function, and therefore
also the series of trigonometric functions (3) is univalent, it

follows that the periodic function (6), y = fy(#), must be

univalent, to be represented by a trigonometric series.

77. The most important periodic functions in electrical engi-
neering are the alternating currents and e.m.fs. Usually they
are, in first approximation, represented by a single trigono-

metric function, as:

i = igcos(f — w);



or

e = epsin(f — 9);

that 1s, they are assumed as sine waves.

Theoretically, obviously this condition can never be per-
fectly attained, and frequently the deviation from sine shape
is sufficient to require practical consideration, especially in
those cases, where the electric circuit contains electrostatic
capacity, as is for instance, the case with long-distance trans-
mission lines, underground cable systems, high potential
transformers, etc.

However, no matter how much the alternating or other
periodic wave differs from simple sine shape-that is, however
much the wave is "distorted," it can always be represented
by the trigonometric series (3).

As illustration the following applications of the trigono-
metric series to engineering problems may be considered:
(A) The determination of the equation of the periodic func-

tion; that is, the evolution of the constants a,, and b,, of the



trigonometric series, if the numerical values of the periodic
function are given. Thus, for instance, the wave of an al-
ternator may be taken by oscillograph or wave-meter, and
by measuring from the oscillograph, the numerical values of
the periodic function are derived for every 10 degrees, or
every o degrees, or every degree, depending on the accuracy
required. The problem then is, from the numerical values of
the wave, to determine its equation. While the oscillograph
shows the shape of the wave, it obviously is not possible
therefrom to calculate other quantities, as from the volt-
age the current under given circuit conditions, if the wave
shape is not first represented by a mathematical expression.
It therefore is of importance in engineering to translate the
picture or the table of numerical values of a periodic tunc-
tion into a mathematical expression thereof.

(B) If one of the engineering quantities, as the e.m.f. of an
alternator or the magnetic flux in the air-gap of an electric
machine, is given as a general periodic function in the form
of a trigonometric series, to determine therefrom other engi-

neering quantities, as the current, the generated e.m.f., etc.



A. Evaluation of the Constants of the Trigonometric Series
from the Instantaneous Values of the Periodic Function.
78. Assuming that the numerical values of a univalent peri-
odic function y = fy(6) are given; that is, for every value of
6, the corresponding value of y is known, either by graphical
representation, Fig. 41; or, in tabulated form, Table I, but
the equation of the periodic function is not known. It can

be represented in the form,

y = ag+ ajcosf + ascos20 + azcos 30 + ... + a,cosnb + .
+ bysind + bysin 260 + bssin360 — ... + b, sinnd + ..

(7)

and the problem now is, to determine the coefficients

ap, a1, ag...bl,bg...



0y 0 |y 0 |y 0 v
0 |-60 190 |+ 50 |180]+122]270 +85
101-49 1100 |+ 61 1190 |+124|280 +65
201-38 110+ 71 [200] +126 290 +35
301-26 [120|+ 81 |210|+125 300 | +17
40 1 -12 1130+ 90 1220 +123|310/0
5010 1401+ 99 |230|+120]320-13
60| +11/150 +107240] +116|330-26
70| +271160 | 4+1141250|+110|340 -38
80| +39170 +119260| +100|350 |-49
90| +50 1180|4122 1270+ 85 | 360 |-60

[ntegrate the equation (7) between the limits 0 and 27 :



2T 2T 2T 2T
/ ydf = ay / df + a, / cos 0df + a- / cos 260d0 +
0 0 0 0

21 2T
+an/ cosn9d<9+...+b1/ sin ¢
0 0

27 2T
+b2/ sin29d9+...+bn/ sinmn
0 0

sin 29 27r

:ao/ﬁ/%ﬁ—kal/smﬁ/ —|—CL2/ + ...
0

+an/smn Ty ...—bl/cosﬁ/27T

COS 29 om cos no om

_bQ/

b

_'

All the integrals containing trigonometric functions van-
ish, as the trigonometric function has the same value at the

upper limit 27 as at the lower limit 0 | that is,

cosnb 1

7T:— 2 —_ O :O
/.ne . ?(COS nm — cos0)
sinnf . .

7-‘-:— 2 — O :O
/ — /i n(sm nm — sin 0)

and the result 1s



2m
/ ydf = ay/0/iT = 2may
0

hence

1 2T
aygy — — ydtg (8)
27T 0
ydf is an element of the area of the curve y, Fig. 41 .
and fozﬂ ydf thus is the area of the periodic function vy, for

one period; that is,

1
— A 9
a 27T . ( )

where A = area of the periodic function y = fy(0), for
one period; that is, from 8 =0 to 8 = 2.
27 18 the horizontal width of this area A, and % thus is the
area divided by the width of it; that is, it is the average
height of the area A of the periodic function y; or, in other

words, it is the average value of y. Therefore,

ap = avg (y)gﬂ ....... (10)



The first coeflicient, ag, thus, is the average value of the
instantaneous values of the periodic function y, between 6 =
0 and 6 = 2.

Theretore, averaging the values of y in Table I, gives the
first constant ay.

79. To determine the coefficient a,, multiply equation (7)
by cosnf, and then integrate from 0 to 27, for the purpose

of making the trigonometric functions vanish. This gives

2T 21 2T
/ y cosnfdb = ag / cosnbdf + a, / cos nb cos 0dO+
! 27‘(’0 ! 2T
+a2/ cosnd cos 20d6 + . . . +an/ cos” N
027r 2T !
+ by / cos nd sin 0d6 + bs / cos nd sin 260dt
0 0

2T
+ bn/ cosnfsinnddl + . ..
0

Hence, by the trigonometric equations of the preceding

section:



2m 2m 2m 1
/ y cosnidl = ay / cos n0d0 + a; / §[Cos(n + 1) +
0 0 0

271
+bn/ —sin 2n6df + . . .
0 2

All these integrals of trigonometric functions give trigono-
metric tunctions, and therefore vanish between the limits 0
and 27, and there only remains the first term of the integral
multiplied with a,,, which does not contain a trigonometric

function, and thus remains finite:

21 1 0 2T
an/ —df = a,, (—) = Q,T
0 2 2/,

and therefore,



2T
/ y cosnbdl = a,m
0

hence

1 2m
ap = —/ ycosnfdl .......... (11)
0

T

If the instantaneous values of y are multiplied with cosn#,
and the product y,, = y cos nf plotted as a curve, y cos nfdf
is an element of the area of this curve, shown for n = 3 in
Fig. 42, and thus fOzﬁycos n0df is the area of this curve;
that is,

1
a, =—A,, . . . . (12)
T

where A, is the area of the curve y cosnf, between 6 = 0
and 6 = 2.

As 27 is the width of this area A,,, 22 5218 the average height
of this area; that is, is the average value of y cosnf, and %An

thus is twice the average value of y cosnf; that is,

a, = 2avg .(ycosnb)3". (13)



The coefficient a,, of cosnf is derived by multiplying all
the instantaneous values of y by cosnf, and taking twice the
average of the instantaneous values of this product y cosné.
80. b, 1s determined in the analogous manner by multiplying
y by sinnf and integrating from 0 to 2m; by the area of the

curve y sinn#, shown in Fig. 43, for n = 3,



2T 27 2T
/ y sinnfdf = a / sin nfdf + a, / sin nf cos 60d6
! 2T ! 87
+ as / sin nf cos 20d0 + ... + a, / sin n@ cos nddlb +
0 0

2 2T
+ by / sin nd sin 6d6 + bs / sin nd sin 260d0 + . . .
0 0

_I_

2m
bn/ sinnfdf + . . .
! 2T 2T 1

= ao/ sin nfdf + a, / §[sin(n — 1)0 + sin(n — 1)0]

0 0

2T 1

+ ag/ é[sin(n + 2)0 + sin(n — 2)0|d6 + . . .

0

271

+an/ §Sin2n(9l9+...
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27T1
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0
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hence,

2m
/ y sin nfdo...... (14)
0

A (15)

where A, is the area of the curve y,,” = ysinnf. Hence,

b, = 2avg .(ysinnd);" (16)

and the coefficient of sin nf thus is derived by multiplying

the instantaneous values of y with sinnf, and then averag-

ing. as twice the average of ysinné.

81. Any univalent periodic function, of which the numerical

values y are known, can thus be expressed numerically by

the equation,

Yy = ap+ aycos + ascos20 + ...+ a,cosnf + . ..
+ bysin@ 4+ bysin20 4 ...+ b,sinnd + ..., (17)

where the coeflicients ag, aj,as,...b1,b9. .., are calcu-

°)



lated as the averages:

ap = avg. (y)o™;

a; = 2 avg. (y COS 6’)02”; by = 2 avg. (y <in 6)0271';
a; = 2 avg. (yc0s20)y>™; by = 2 avg. (ysin20)>™

a, = 2 avg. (ycosnd)y’™: b, = 2 avg. (ysinnf)y”™
(18)

Hereby any individual harmonic can be calculated, with-
out calculating the preceding harmonics.

For instance, let the generator e.m.f. wave, Fig. 44, Ta-
ble II, column 2, be impressed upon an underground cable
system

of such constants (capacity and inductance), that the nat-
ural frequency of the system is 670 cycles per second, while
the generator frequency is 60 cycles. The natural frequency
of the
circuit is then close to that of the 11 th harmonic of the gen-
erator wave, 660 cycles, and if the generator voltage contains

an appreciable 11th harmonic, trouble may result from a res-



onance rise of voltage of this frequency; therefore, the 11th
harmonic of the generator wave is to be determined, that is,
a;; and byy calculated, but the other harmonics are of less

mportance.

Table 11



0 |y |cosllf sinlll y cos 116 ysin 116
0 |5 |+1.0000 +5.0 0

10 |4 [-0.342 |40.940 -1.4 + 3.8
20 1201-0.766 |-0.643 -15.3 -12.9
30 122 +0.866 -0.500 +19.1 -11.0
40 119 +0.174 1 +0.985 +3.3 +18.7
50 [251-0.985 [-0.174 -24.6 - 4.3
60 |29]+0.500-0.866 +14.5 -25.1
70 129]+0.643 | +0.766 +18.6 +22.2
80 130/-0.940 | +0.342 -28.2 +10.3
90 3810 -1.000 0 -38.0
100 46| +0.940| 40.342 +43.3 +15.7
11038 1-0.643 | +0.766 -24.4 +29.2
120 141]-0.500 |-0.866 -20.5 -35.5
130150 +0.9851-0.174 +49.2 - 8.7
140132 1-0.174 | +0.985 -5.6 +31.5
150130]-0.866 |-0.500 -26.0

160 |33 | +0.766 |-0.643 +25.3 -15.0
1707 | +0.342|+40.940 +2.2 -21.3
180 -5




In the third column of Table II thus are given the values
of cos 116, in the fourth column sin 116, in the fitth column
ycos 116, and in the sixth column ysin116. The former
gives as average +1.915 | hence a1 = 4+3.83, and the latter
oives as average -1.655 , hence b;; = —3.31, and the 11th

harmonic of the generator wave is

a11c08 1160 + byysin 1160 = 3.83cos 1160 — 3.31sin 116
= 5.07cos (1160 4 41°) ,

hence, its effective value is

5.07
= =358,

V2

while the effective value of the total generator wave, that
1s, the square root of the mean squares of the instantaneous

values y, 1s

e = 30.5

thus the 11th harmonic is 11.8 per cent of the total volt-



age, and whether such a harmonic is sate or not, can now
be determined from the circuit constants, more particularly
1S resistance.

82. In general, the successive harmonics decrease; that is,
with increasing n, the values of a,, and b,, become smaller.
and when calculating a,, and b,, by equation (18), for higher
values of n they are derived as the small averages of a num-
ber of large quantities, and the calculation then becomes
inconvenient and less correct.

Where the entire series of coefficients a,, and b,, 1s to be
calculated, it thus is preferable not to use the complete pe-
riodic function y, but only the residual left after subtracting
the harmonics which have already been calculated; that is,
atter ag has been calculated, it is subtracted from y, and the
difference, y; = y — ay, is used for the calculation of a; and
by .

Then ajcos@ + bysinf is subtracted from y;, and the

difference,



Yo = y1 — (ay cos B + by sin )
=y — (ap+ a;cosf + by sin ) ,

1s used for the calculation of ay and bs.

Then as cos 20+ by sin 26 is subtracted from 15, and the rest,
y3, used for the calculation of as and b3, etc.

In this manner a higher accuracy is derived, and the
caleulation simplified by having the instantaneous values of
the function of the same magnitude as the coefficients a,
and b,,.

As illustration, is given in Table I1I the calculation of the
first three harmonics of the pulsating current, Fig. 41, Table
[:

83. In electrical engineering, the most important periodic
functions are the alternating currents and voltages. Due
to the constructive features of alternating-current genera-
tors, alternating voltages and currents are almost always
symmetrical waves; that is, the periodic function consists of
alternate half-waves, which are the same in shape, but oppo-

site in dircetion, or in other words, the instantaneous values



from 180 deg . to 360 deg . are the same numerically, but
opposite in sign, from the instantaneous values between 0 to
180 deg., and each cycle or period thus consists of two equal
but opposite half cycles, as shown in Fig. 44. In the earlier
days of electrical engineering, the frequency has for this rea-
son frequently been expressed by the number of halt-waves
or alternations.

In a symmetrical wave, those harmonics which produce
a difference in the shape of the positive and the negative
halfwave, cannot exist; that is, their coeflicients a and b
must be zero. Only those harmonics can exist in which an
increase of the angle 6 by 180 deg .. or 7, reverses the sign
of the function. This is the case with cosnf and sinnf, it
n 1s an odd number. If, however, n is an even number, an
increase of 6 by 7 increases the angle nf by 27 or a multiple
thereof, thus leaves cosnf and sinn0 with the same sign.
The same applies to ag. Therefore, symmetrical alternating
waves comprise only the odd harmonics, but do not contain

even harmonics or a constant term, and thus are represented

by



Yy = aycos b - +azcos 360 4+ ascos b + . ..
‘|‘b181ﬂ9—|—b38ﬂ139—|—b581n59—|—... (19)

When calculating the coefficients a,, and b,, of a symmet-
rical wave by the expression (18), it is sufficient to average
from 0 to m; that is, over one halt-wave only. In the second
half-wave, cosnf and sinnf have the opposite sign as in
the first half-wave, if n is an odd number, and since y also
has the opposite sign in the second halt-wave, y cosnf and
ysinnf in the second half-wave traverses again the same
values, with the same sign, as in the first halt-wave, and
their average thus is given by averaging over one half-wave
only.

Therefore, a symmetrical univalent periodic function, as

all

Table



0 v W =Yy —og y1cosf |y sinb
0 -60 -111 -111 0
10 -49 -100 -98 -17
20 |-38 -89 -84 -30
30 [-26 T -67 -38
40 |-12 -63 -48 -40
50 10 -51 -33 -39
60 |+11 -40 -20 -35
70 |27 -24 -8 -23
80 139 -12 -2 -12
90 |50 -1 0 -1
10061 +10 -2 +10
11071 20 -7 +19
12081 30 -15 +26
130190 39 -25 +30
140199 48 -37 +31
150107 50 -49 +28
160114 63 -59 +22
170119 68 -67 +12
180|122 71 71 0




alternating voltage and current usually is, can be repre-

sented by the expression,

Yy = aq cos B + agcos 30 + ascos b0 + a7cos 760 + . ..

+ by sin 6 + by sin 30 4 bssin b0 + by sin 70 + ... (20)
where,
.
a; =2 avg. (ycosB)y™; by =2 avg. (ysinh)y";
az = 2 avg. (ycos3dh)y™; by =2 avg. (ysin30)y"; >
as = 2 avg. (ycoshh)y™; by =2 avg. (ysinbb)y"; |
a7 =2 avg. (ycos70)y™; by =2 avg. (ysin70)y"
/
(21)

84. From 180 deg. to 360 deg., the even harmonics have the
same, but the odd harmonics the opposite sign as from
0 to 180 deg. Therefore adding the numerical values
in the range from 180 deg . to 360 deg . to those
in the range from 0 to 180 deg ., the odd harmonics

cancel, and only the even harmonics remain. Inversely:,



by subtracting, the even harmonics cancel, and the odd

ones remain.

Hereby the odd and the even harmonics can be separated.
If y = y(#) are the numerical values of a periodic function
from 0 to 180 deg ., and ¢y’ = y(6 + ) the numerical values
of the same function from 180 deg. to 360 deg.,

(6) = S{y(6) +y(0 + ) 22

Is a periodic function containing only the even harmonics,

and

0(9) = 5{u(0) — y(6 + 7)) 23

is a periodic function containing only the odd harmonics;

that is:



y1(60) = ay cos O + azcos 30 + ascos b + . ..

+ by sin 6 4 b3 sin 30 + b sin 50 + . .. (24)
12(0) = ag + as cos 20 + a4 cos 40 + . ..

+ bysin 20 + bysind0 + . .. (25)

and the complete function is

y(0) = y1(0) + y2(0). (26)

By this method it is convenient to determine whether
even harmonics are present, and if they are present, to sep-
arate them from the odd harmonics.

Before separating the even harmonics and the odd har-
monics, 1t 18 usually convenient to separate the constant
term ag from the periodic function y, by averaging the in-
stantaneous values of y from 0 to 360 deg . The average
then gives ay, and subtracted from the instantaneous values

of y, gives



yo(0) = y(0) — ao (27)

as the instantaneous values of the alternating component
of the periodic function; that is, the component 1y, contains
only the trigonometric functions, but not the constant term.

Yo 1s ithen resolved into the odd series y;, and the even series

Y2
85. The alternating wave 1, consists of the cosine compo-

nents:

u(6) = ay cos 0+ as cos 20+ agz cos 30+ay cos40+. .., (28)

and the sine components:

v(0) = bysin @ + by sin 20 + bysin 30 + by sin4f + .. .; (29)

that is,

yo(0) = u(0) + v(0). (30)



The cosine functions retain the same sign for negative
angles ( —0 ), as for positive angles ( +6 ), while the sine

functions reverse their sign; that is,

u(—0) = +u(fd) and v(—0)=—v(0). (31)

Theretore, if the values of 4y for positive and for negative
angles @ are averaged, the sine functions cancel, and only the
cosine functions remain, while by subtracting the values of v
for positive and for negative angles. only the sine functions

remain; that is,

0(60) + o(~0) = 2u(0) } | -

Yo(0) — yo(—=0) = 2v(0);
hence, the cosine terms and the sine terms can be sepa-
rated from each other by combining the instantaneous values

of 1y for positive angle 6 and for negative angle ( —6 ), thus:

u(0) = 5 {y0(0) + yo(—0)}, } | (33)

v(0) = 5 {%0(0) — yo(—0)"

Usually, before separating the cosine and the sine terms,



uw and v, first the constant term ag is separated, as discussed
above; that is, the alternating function yy = y — a¢ used.
If the general periodic function y is used in equation (33),
the constant term ag of this periodic function appears in the
cosine term wu, thus:

w(®) = Hy) + y(—0)} = ap + ajcosh + arcos20 +
as cos 30 + ..
g .

86. Before separating the alternating function y, into the

while v(#) remains the same as when us-

°)

cosine function v and the sine function v, it usually is more
convenient to resolve the alternating function y, into the
odd series y;, and the even series ¥, as discussed in the pre-
ceding paragraph, and then to separate y; and y, each into

the cosine and the sine terms:



u(0) = 2 {y1(0) + y1(—0)} = a1 cos B + az cos 30 + a5 cos 5
v1(0) = 2 {y1(0) — y1(—0)} = by sin 6 + b3 sin 30 + bs sin 56
(34)
us(0) = 5 {yo(0) + Yo —0)} = arcos20 + aycos 40 + . . .
vs(0) = 1 {y2(6) — y2(—0)} = bysin20 + bysin46 + . .. } |
(35)

In the odd functions u; and vq, a change from the negative
angle ( -8 ) to the supplementary angle ( w—6 ) changes the
angle of the trigonometric function by an odd multiple of 7
or 180 deg., that is, by a multiple of 27 or 360 deg.. plus

180 deg., which signifies a reversal of the function, thus:

ur(0) = 5{y1(0) — (7 — 0)}, } (36)

vi(0) = 5 {y1(0) + yi(7 —0)} .

However, in the even functions us and vy a change from
the negative angle ( —0 ) to the supplementary angle ( m—6
), changes the angles of the trigonometric function by an

even multiple of 7r; that is, by a multiple of 27 or 360 deg



.. hence leaves the sign of the trigonometric function un-

changed, thus:

up(0) = 5{12(0) + 1a(m — 0)}, } . (37)

va(0) = 5 {y2(0) — ya(m — 0)} .
To avoid the possibility of a mistake, it is preferable to
use the relations (34) and (35), which are the same for the
odd and for the even series.
87. Obviously, in the calculation of the constants a, and
b,,, instead of averaging from 0 to 180 deg., the average can
be made from -90 deg. to +90 deg. In the cosine function
u(6), however, the same numerical values repeated with the
same signs, from 0 to -90 deg., as from 0 to +90 deg., and
the multipliers cos nf also have the same signs and the same
numerical values from 0 to-90 deg.. as from 0 to +90 deg. In
the sine function, the same numerical values repeat from 0 to
-90 deg ., as from 0 to +90 deg ., but with reversed signs, and
the multipliers sinnf also have the same numerical values,
but with reversed sign, from 0 to -90 deg., as from 0 to +90

deg. The products uwcosnf and vsinnf thus traverse the



same numerical values with the same signs, between 0 and
-90 deg ., as between 0 and +90 deg ., and for deriving the
averages, 1t thus is sufficient to average only from 0 to 7, or
90 deg .; that is, over one quandrant.

Theretore, by resolving the periodic function y into the
cosine components u and the sine components v, the calcu-
lation of the constants a,, and b,, is greatly simplified; that
is, instead of averaging over one entire period, or 360 deg..

it 1s necessary to average over only 90 deg .. thus:

a; =2 avg. (ujcosf),?; by =2avg. (vysinf),?;
as = 2 avg. (UQ COS 2(9)% by =2 ave. (1}2 sin 2(9)0 g;

az = 2 avg. (ugcos 39)@ g; by = 2 avg. (v3sin 3@)%-

ay = 2 avg. (uycos 49)§ ; by =2 avg. (vgsindf), 2 8
as = 2 avg. (uscosbl), 2 by =2 avg. (vssin 5@)%;
ete. ete.
38)

where u; 1s the cosine term of the odd function y; us the
cosine term of the even function y; u3 is the cosine term of

the odd function, after subtracting the term with cos @; that



1S

U3 = Uy — a1 cos 0,

analogously, uy 1s the cosine term of the even function,

after subtracting the term cos 26;

Uy = Uy — Ap COS 20

and in the same manner,

Us = U3 — as cos 30
Ug = Uy — Ay COS 46

and so forth; vy, v, v5, vy, etc., are the corresponding sine
terms.

When calculating the coefhicients a,, and b,, by averaging
over 90 deg ., or over 180 deg . or 360 deg ., it must be kept
in mind that the terminal values of y respectively of u or v,
that is, the values for # = 0 and 8 = 90deg. (or # = 180deg.
or 360 deg. respectively) are to be taken as one-half only,

since they are the ends of the measured area of the curves



a, cosnb and b, sin nf. which area gives as twice its average
height the values a,, and b, as discussed in the preceding.
In resolving an empirical periodic function into a trigono-
metric series, just as in most engineering calculations, the
most important part is to arrange the work so as to derive
the results expeditiously and rapidly, and at the same time
accurately. By proceeding, for instance, immediately by the
general method, equations (17) and (18), the work becomes
so extensive as to be a serious waste of time, while by the
systematic resolution into simpler functions the work can be
ereatly reduced.
88. In resolving a general periodic function y(#) into a

trigonometric series, the most convenient arrangement is:

1. To separate the constant term ag, by averaging all the
instantaneous values of y(6) from 0 to 360 deg . (count-
ing the end values at § = 0 and at 8 = 360deg. one

half, as discussed above):

ag = avg .{y(0)}5" (10)



and then subtracting ag from y(0), gives the alternating

function,

yo(0) = y(0) — a.

2. To resolve the general alternating function yg(6@) into

the odd function y;(#), and the even function ys(8),

0 (6) = 5 {0(6) — (6 + )} 2

(6) = 5 n(6) + (6 + )} 22

3. To resolve y1(0) gnd y5(#) ) into the cosine terms u and

the sine terms v,

w(®) = H{(6) +u(~0)} } -
vi(0) = 5 {y1(0) — pu(=0)};
4. To calculate the constants ay, a9, as...:b1,09,b3... by

the averages,



a, = 2avg - (u, cosnl), :
b, = 2avg - (v,sinnb);

If the periodic function is known to contain no even har-

monies, that is, is a symmetrical alternating wave, steps 1

and 2 are omitted.

89. As illustration of the resolution of a general periodic
wave may be shown the resolution of the observed mean
daily temperatures of Schenectady throughout the year.
as shown in Fig. 45 up to the 7th harmonic.™

Table TV

0*The numerical values of temperature cannot claim any great absolute accuracy, as they are
averaged over a relatively small number of years only, and observed by instruments of only moderate
accuracy. For the purpose of illustrating the resolution of the empirical curve into a trigonometric
series, this is not essential, however.




(2)

(3)

f Y yy—ao=1yo (4) y1 |(5) 1
Jan. 0 4.9 12,95 -13.10 | +0.15
10 47 13.45 -13.55 | +0.10
20 5.9 -13.95 -13.65 1-0.30

Feb. 30 5.4 1415 -13.55 1-0.60

40 3.8 12.55 12.35 1-0.20

50 2926 11.35 -11.20 1-0.15

Mar. 60 1.6 -10.35 - 9.75 1-0.60

70 +02 -85 - 7.65 1-0.90

30 +18  -6.95 - 6.05 1-0.90

Apr. 90 +51  |-365 -3.35 1-0.30

100 +91 | +035 - 0.35 | +0.70
110 +11.5 |+ 275 +1.75 | +1.00
May 120 +13.3 | +4.55 +3.90 | +0.65
130 +15.2 |+ 6.45 + 5.85 | +0.60
140 +17.7 | +8.95 +8.15 | +0.80
June 150 +19.2 | +10.45 +10.10| +0.35
160 +19.5 | +10.75 +10.80 -0.05

170 +20.6 | +11.85 +12.15-0.30

T11lxr 1RO 199 () 112 9K




Table VI. COSINE SERIES ;.

(2) up | (3) cos@ | (4) ulcos@ |(5) ajcosB|(6) us|(7) us
-13.10]1 —13.10 (x3) |-13.28 +0.1840.18
101-12.85/0.985  |-12.65 -13.05 -0.20 | +0.17
201-12.2310.940  |-11.50 -12.48 +0.25] +0.12
301-11.8210.866  |-10.25 -11.50 -0.32 |0
401-10.2510.766  |-7.83 -10.15 -0.10 | +0.05
501-8.53 10.643  |-5.46 -8.00 -0.53 | +0.46
601-6.82 10.5 -3.41 -6.64 -0.18 | +0.18
701-9.70 10.342  |-1.61 -4.54 -0.16 | +0.14
8012.85 10.174  -0.50 -2.30 -0.55 | +0.27
9010 0 0 0 0 0
Total -59.75 +1.48
Divided by 9 |-6.64 1+1.64
Multiplied by 2 | —13.28 = a4 +0.33

Table VII. SINE SERIES v;.



6 (2) vy (3)sinf|(4) visinf (5) bysin€ | (6) vs|(7) vssi
0 10 0 0 0 0 0
101-0.70 10.174  [-0.122 -0.38 -0.32 |-0.16
201-1.42 10.342  -0.485 -1.14 -0.28 -0.24
30 -1.73 10.5 -0.869 -1.60 -0.07 1-0.67
401-2.10 10.643  |-1.345 -2.13 +0.03 | +0.03
501-2.67 10.766  -2.040 -2.990 -0.12 1-0.06
60 -2.93 10.866  |-2.530 -2.38 -0.05 10
701-2.95 10.940  |-2.770 -3.13 +0.18 1-0.09
801-3.20 10.985  |-3.150 -3.28 +0.08 1-0.07
90 -3.35 |1 —3.35 (x3)-3.33 -0.02 40.02 (:
Total -14.982 -0.65
Divided by 9 |-1.665 -0.07
Multiplied by 2 | —3.33 = b, —0.14 =

Table IV gives the resolution of the periodic temperature

function into the constant term ag, the odd series 47 and the

even series 1s.

Table V gives the resolution of the series y; and y» into

the cosine and sine series uqy, v, Ug, Us.



Tables VI to IX give the resolutions of the series uy, vy, u,
Vo, and thereby the calculation of the constants a,, and b,,.
90. The resolution of the temperature wave, up to the 7th

harmonic, thus gives the coefficients:

= +8.75;
a; = —13.28; by = —3.33;
as = —0.001; by = —0.602;
az = —0.33; b3 = —0.14;
= —0.154; by = +0.386;
= +0.014; b5 = —0.090:
= +0.100; bg = —0.154;
a7 = —0.022; b; = —0.082;

or, transforming by the binomial, a,, cosnf + b, sinnf =

¢ cos (nf — 7,), by substituting ¢, = /a2 + b2 and tan v, =
b— ~ gives, ag = +8.79;

— _13.69: 4, = +14.15% or 4 = +14.15°;
cp = —0.602; 7 =+489.9°% or 3 = +44.95° + 180n;

= 4+0.359; 3 = —23.0°, or £ = =77+ 120n =
+112.3 + 120m;



cy, = —0.416; v = —68.2°% or F = —17.05+90n =
+72.95 + 90m;

= 4+0.091; 5 = —8L.15% or £ = —16.23 + 72n =
+55.77 + 72m;
g = +0.184; 5 = —=57.0°% or £ = —9.5 + 60n =
+50.5 + 60m;
c; = —0.085; ~7; =+475.0°; or £ =+10.7 4 51.4n,
where n and m may be any integer number.

Since to an angle y,, any multiple of 27 or 360 deg. may
be added, any multiple of == 360 may be added to the angle =,
and thus the angle I* may be made positive, etc.

91. The equation of the temperature wave thus becomes:

y = 8.75 — 13.69 cos (0 — 14.15%) — 0.602 cos 2 (6 — 44.95°)
— 0.359 cos 3 (6 — 52.3°) — 0.416 cos 4 (0 — 72.95°)
— 0.091 cos 5 (6 — 19.77°) — 0.184 cos 6 (0 — 20.5°)
— 0.085cos 7 (6 — 10.7°) ; (a)

or, transformed to sine functions by the substitution,



cosw = —sin (w — 90°) :

y = 8.75 + 13.69sin (§ — 104.15%) + 0.6025in 2 (6 — 89.95°)
+0.3598in 3 (6 — 82.3°) + 0.416sin 4 (6 — 95.45°)
+0.091 sin 5 (6 — 109.77°) + 0.1845in 6 (§ — 95.5°)

+0.085sin 7 (6 — 75°) . (b)

The cosine form is more convenient for some purposes,

the sine form for other purposes.
Substituting 5 = 60 — 14.15°%; or, 0 = 6 — 104.15°, these

two equations (a) and (b) can be transformed into the form,

y = 8.75 — 13.69 cos 5 — 0.62 cos 2 (S — 30.8°) — 0.359 cos 3
— 0.416 cos4 (B — 58.8%) — 0.091 cos 5 (B — 5.67)
— 0.184 cos6 (8 — 6.35°) — 0.085 cos 7 (5 — 48.0°) ,

(c)

and



y = 8.75+ 13.69sin + 0.602sin 2 (6 + 14.2°) 4+ 0.359 sin 3 (
4+ 0.416sin4 (6 +8.7°) + 0.91sin5 (6 — 5.6°)
+ 0.184sin 6 (6 + 8.65°) + 0.085sin 7 (§ + 29.15°) .
(d)
The periodic variation of the temperature y, as expressed
by these equations, is a result of the periodic variation of the
thermomotive force; that is, the solar radiation. This latter

is a minimum on Dec. 22d, that is, 9 time-degrees before

the zero of 8, hence may be expressed approximately by:

z=c— hcos(6+9°)

or substituting B respectively o for 6 :

z=c—hcos(8+ 23.15°)
.=c+ hsin(§ 4 23.15°).
This means: the maximum of y occurs 23.15 deg . after

the naximum of z; in other words, the temperature lags

23.15 deg ., or about 1—16 period, behind the thermomotive



force.

Near 6 = 0, all the sine functions in (d) are increasing;
that is, the temperature wave rises steeply in spring.

Near 0 = 180deg., the sine functions of the odd angles are
decreasing, of the even angles increasing, and the decrease of
the temperature wave in fall thus is smaller than the increase
1N Spring.

The fundamental wave greatly preponderates, with am-
plitude ¢; = 13.69.

In spring, for 0 = —14.5 deg.. all the higher harmonics
rise in the same direction, and give the sum 1.74 | or 12.7
per cent of the fundamental. In fall, for 0 = —14.5 4 7, the
even harmonics decrease, the odd harmonics increase the
steepness, and give the sum -0.67 , or -4.9 per cent.

Theretfore, in spring, the temperature rises 12.7 per cent
faster, and in autumn it falls 4.9 per cent slower than cor-
responds to a sine wave, and the difference in the rate of
temperature rise in spring, and temperature fall in autumn
thus is 12.7 4+ 4.9 = 17.6 per cent.

The maximum rate of temperature rise is 90—14.5 = 75.5



deg. behind the temperature minimum, and 23.15 4 75.5 =
98.7 deg . behind the minimum of the thermomotive force.

As most periodic functions met by the electrical engineer
are symmetrical alternating functions, that is, contain only
the odd harmonics, in general the work of resolution into a
trigonometric series is very much less than in above example.
Where such reduction has to be carried out frequently, it is
advisable to memorize the trigonometric functions, from 10
to 10 deg., up to 3 decimals; that is, within the accuracy of
the slide rule, as thereby the necessity of looking up tables
IS
eliminated and the work therefore done much more expedi-
tiously. In general, the slide rule can be used for the calcu-
lations.

As an example of the simpler reduction of a symmetrical
alternating wave, the reader may resolve into its harmonics,
up to the 7th, the exciting current of the transformer, of

which the numerical values are given, from 10 to 10 deg . in
Table X.



C. REDUCTION OF TRIGONOMETRIC
SERIES BY POLYPHASE RELATION.

92. In some cases the reduction of a general periodic func-
tion, as a complex wave, into harmonics can be car-
ried out in a much quicker manner by the use of the
polyphase equation, Chapter III, Part A (23). Espe-
cially is this true if the complete equation of the trigono-
metric series, which represents the periodic function, is
not required, but the existence and the amount of cer-
tain harmonics are to be determined, as for instance
whether the periodic function contain even harmonics

or third harmonics, and how large they may be.

This method does not give the coefficients a,, b,, of the
individual harmonics, but derives from the numerical values
of the general wave the numerical values of any desired har-
monic. This harmonic, however, is given together with all
its multiples; that is, when separating the third harmonic,
in it appears also the 6th, 9th, 12th, etc.

In separating the even harmonics 4y from the general



wave v, in paragraph 84 , by taking the average of the values
of y for angle A, and the values of y for angles (6 + ), this
method has already been used.

Assume that to an angle 0 there is successively added a
constant quantity a, thus: 0;60 4 a;0 + 2a;0 + 3a; 0 + 4a,
etc., until the same angle 8 plus a multiple of 27 is reached;
0 +na=0+42mm; that is, a = QmT”; or, in other words, a is
1/n of a multiple of 2. Then the sum of the cosine as well

as the sine functions of all these angles is zero:

cos 8 4 cos(6 + a) + cos(f + 2a) 4 cos(6 + 3a) + . ..
+ cos( + [n — 1]a) = 0; (1)

sin @ 4 sin(6 4+ a) + sin(0 + 2a) + sin(f + 3a) + . . .
+sin(@ + [n — 1]a) = 0, (2)

where



na = 2mm (3)

These equations (1) and (2) hold for all values of a, except
for a = 27, or a multiple thereot. For a = 27w obviously all
the terms of equation (1) or (2) become equal, and the sums
become n cos @ respectively nsin 6.

Thus, if the series of numerical values of y is divided into
n successive sections, each covering 2% degrees, and these

sections added together,

y(9)+y(9+2§) +y («9+22%> +y(9+32%> + ...
+y(9+[n—1]2—ﬂ>, (4)

n

In this sum, all the harmonics of the wave y cancel by

equations (1) and (2), except the nth harmonic and its mul-

tiples,



a,, cosnb + b, sin n@: as, cos 2nl + by, sin 2n6, etc.

in the latter all the terms of the sum (4) are equal; that is,
the sum (4) equals n times the nth harmonic, and its mul-
tiples. Therefore, the nth harmonic of the periodic function

y, together with its multiples, is given by

yn(ﬁ):%{y(Q)er(@JrZ%) +y<0+22%> +...+y<

(5)

For instance, for n = 2,

2= () + y(6 + 7))

oives the sum of all the even harmonics; that is, gives the
second harmonic together with its multiples, the 4th, 6th,

etc., as seen in paragraph 7, and for, n = 3,

ys—%{y(0)+y(0+2§) +y<0+4§>},



oives the third harmonic, together with its multiples, the
6th, 9th, etc.

This method does not give the mathematical expression
of the harmonics, but their numerical values. Thus, if the
mathematical expressions are required, each of the compo-
nent harmonics has to be reduced from its numerical values
to the mathematical equation, and the method then usually
offers no advantage.

It is especially suitable, however, where certain classes of
harmonics are desired, as the third together with its mul-
tiples. In this case from the numerical values the effective
value, that is, the equivalent sine wave may be calculated.
93. Asillustration may be investigated the separation of the
third harmonics from the exciting current of a transtormer.

In table X A | are given, in columns 1, 3,5, the angles
6. from 10 deg . to 10 deg ., and in columns 2,4,6, the
corresponding values of the exciting current ¢, as derived
by calculation from the hysteresis cycle of the iron, or by
measuring from the

photographic film of the oscillograph. Column 7 then gives



one-third the sum of columns 2.4 , and 6 , that is, the third
harmonic with its overtones, 13.

To find the 9th harmonic and its overtones 79, the same
method is now applied to i3, for angle 36. This is recorded
in Table X B.

In Fig. 46 are plotted the total exciting current i, its
third harmonic 73, and the 9 th harmonic 2.

This method has the advantage of showing the limitation
of the exactness of the results resulting from the limited
num-

ber of numerical values of ¢, on which the calculation is
based. Thus, in the example, Table X . in which the values
of ¢ are given for every 10 deg ., values of the third harmonic
are derived for every 30 deg .. and for the 9 th harmonic for
every 90 deg .; that is, for the latter, only two points per
halt wave are determinable from the numerical data, and as
the two points per halt wave are just sufficient to locate a
sine wave, it follows that within the accuracy of the given
numerical values of ¢, the 9th harmonic is a sine wave, or

in other words, to determine whether still higher harmonics



than the 9th exist, requires for ¢ more numerical values than
for every 10 deg .

As further practice, the reader may separate from the
oen-
eral wave of current, 7 in Table XI. the even harmonics 2,

by above method,

1
ig — § {10(9> + 20(9 + 180d6g)} ,

and also the sum of the odd harmonics, as the residue,

il — iO — Z.27
then from the odd harmonics 41 may be separated the

third harmonic and its multiples,

1
i3 = 3 {i1(0) 4+ i1(0 + 120 deg. ) + 41(0 + 240 deg. )},

and in the same manner from 23 may be separated its
third harmonic; that is, %9.

Furthermore, in the sum of even harmonics, from 2o may



again be separated its second harmonic, 74, and its multi-
ples, and theretrom, ig, and its third harmonic, 75, and its
multiples, thus giving all the harmonics up to the 9th, with
the exception of the 5th and the 7th. These latter two would
require plotting the curve and taking numerical values at dit-
ferent intervals, so as to have a number of numerical values
divisible by 5 or 7 .

[t is further recommended to resolve this unsymmetrical
exciting current of Table XI into the trigonometric series by
calculating the coeflicients a,, and b,,, up to the 7th, in the

manner discussed in paragraphs 6 to 8 .

D. CALCULATION OF TRIGONOMETRIC
SERIES FROM OTHER TRIGONOMET-
RIC SERIES.

94. An hydraulic generating station has for a long time been
supplying electric energy over moderate distances, from

a number of 750 — kw.4400-volt 60 -cycle three-phase

generators. The station is to be increased in size by the



installation of some larger modern three-phase genera-
tors, and from this station 6000 kw . are to be trans-
mitted over a long distance transmission line at 44,000
volts. The transmission line has a length of 60 miles,
and consists of three wires No. 0 B . & S. with 5 ft .

between the wires.

The question arises, whether during times of light load
the old 750 — kw. generators can be used economically on
the transmission line. These old machines give an electro-
motive force wave, which, like that of most earlier machines,
differs considerably from a sine wave, and it is to be in-
vestigated, whether, due to this wave-shape distortion, the
charging current of the transmission line will be so greatly
increased over the value which it would have with a sine
wave of voltage, as to make the use of these machines on the
transmission line uneconomical or even unsafe.

Oscillograms of these machines, resolved into a trigono-
metric series, give for the voltage between each terminal and
the neutral, or the Y voltage of the three-phase system, the

equation:



e = ey {sinf — 0.12sin (360 — 2.3°) — 0.23sin (50 — 1.5°)
+0.13sin (70 — 6.2°)} .
(1)

In first approximation, the line capacity may be consid-
ered as a condenser shunted across the middle of the line;
that is, half the line resistance and half the line reactance is
in series with the line capacity.

As the receiving apparatus do not utilize the higher har-
monics of the generator wave, when using the old generators,
their voltage has to be transformed up so as to give the first
harmonic or fundamental of 44,000 volts.

44,000 volts between the lines (or delta) gives 44,000 =+
V3 = 25,400 volts between line and neutral. This is the
effective
value, and the maximum value of the fundamental voltage

wave thus is: 25,400 x v/2 = 36, 000 volts, or 36 kv .; that

s, eg = 36, and



e =36{sinf — 0.12sin (30 — 2.3°) — 0.23sin (50 — 1.5°)
+0.13sin (760 — 6.2°)},
(2)
would be the voltage supplied to the transmission line at
the high potential terminals of the step-up transformers.
From the wire tables, the resistance per mile of No. 0 B.

& S. copper line wire is 1y = 0.520hm.

The inductance per mile of wire is given by the formula:

L

where [ is the distance between the wires, and [, the
radius of the wire.

In the present case, this gives [, = dtt. = 60in. [, =
0.1625in. Ly = 1.9655mh., and, herefrom it follows that the

reactance, at f = 60 cycles is

ry = 27 fLy = 0.75 ohms per mile. . . . . (4)



The capacity per mile of wire is given by the formula:

0.0408
Cp =

mf.;.... 5
o] 5

hence, in the present case, Cy = 0.0159mt., and the con-

densive reactance 1s derived herefrom as:

T = 1660000hms; (6)

0~ 27Tf0()

60 miles of line then give the condensive reactance,

"
60

30 miles, or half the line (from the generating station to

= 2770 ohms ;

the middle of the line, where the line capacity is represented
by a shunted condenser) give: the resistance, r = 30ry =
15.6 ohms ;

the inductive reactance, x = 30xy = 22.5 ohms, and the
equivalent circuit of the line now consists of the resistance
r. inductive reactance x and condensive reactance x., in
series with each other in the circuit of the supply voltage e.

95. It ¢ = current in the line (charging current) the voltage



consumed by the line resistance r is r7.
The voltage consumed by the inductive reactance x is
x%; the voltage consumed by the condensive reactance z.

is . [ idf, and therefore,

di
. N .
e azd0+r2+az/zd0 (7)

Differentiating this equation, for the purpose of eliminat-

ing the itegral, gives

or
@ — d—% + rﬁ + 2.1
a0~ a2 Tag e
de d?i di .
5 = 25— + 16.6— + 2770i. (8)

The voltage e is given by (2), which equation, by resolving

the trigonometric functions, gives



e =30sinf —4.32sin 30 — 8.28sin b0 + 4.64 sin 76
4+ 0.18 co

(9)

hence, differentiating,

2e = 36 cos ) — 12.96 cos 30 — 41.4 cos 50 + 32.5 cos 76

—0.54sin 30 — 1.1sin 50 + 3.5sin 76.
(10)
Assuming now for the current ¢ a trigonometric series

with indeterminate coeflicients,

v = a1 cos B + az cos 30 + as cos 50 + a7 cos 70
+ by sin 0 + b3 sin 30 + b5 sin 50 + b7 sin 76,
(11)
substitution of (10) and (11) into equation (8) must give

an identity, from which equations for the determination of a,,

and b,, are derived; that is, since the product of substitution



must be an identity, all the factors of cos 8, sin 8, cos 36, sin 36,

etc., must vanish, and this gives the eight equations:

36 = 2770a; + 15.6b; — 22.5a;:

0 = 2770b; — 15.6a; — 22.5by;
—12.96 = 2770a3 + 46.8b3 — 202.5as;
~0.54 = 2770b; — 46.8a3 — 202.5bs;

—41.4 = 2770as5 + 78bs — 562.5as;

~1.1 = 2770b; — 78as — 56.25bs;

32.5 = 2770a; + 109.2b; — 1102.5a7;
3.5 = 2770b; — 109.2a7 — 1102.5b;.

Resolved, these equations give



a = 13.12:
by = 0.07;
a3 = —5.03;
bs = —0.30;
s = —18.72: S (14)
bs = —1.15;
a7 = 19.30;
b; = 3.37; }

hence,
96. The effective value of this current is given as the square
root of the sum of squares of the effective values of the in-

dividual harmonics, thus:

a? b?
I = Z§+Z§ = 21.6amp.
As the voltage between line and neutral is 25,400 effective,

this gives () = 25,400 x 21.6 = 540, 000 volt-amperes, or
540 kv .amp. per line, thus a total of 3Q) = 1620kv.-amp.

charging current of the transmission line, when using the



e.m.t. wave of these old generators.

[t thus would require a minimum ot 3 of the 750 — kw.
generators to keep the voltage on the line, even if no power
whatever is delivered from the line.

If the supply voltage of the transmission line were a per-
fect sine wave, it would, at 44,000 volts between the lines,

be given by

e; =36sinf, . . . . . (15)

which is the fundamental, or first harmonic, of equation

(9).

Then the current ¢ would also be a sine wave, and would be

oiven by

il = CLlCOS(9 -+ blsinﬁ
= 13.12cos 6 + 0.07sin 6 (16)
= 13.12cos (6 — 0.3°)

and its effective value would be



13.12
I, = ——=93amp. . . . (17)

V2

This would correspond to a kv.-amp. input to the line

31 =3 X 25.4 x 9.3 = 710kv.-amp .

The distortion of the voltage wave, as given by equation
(1), thus increases the charging volt-amperes of the line from
710
kv.-amp. to 1620kv. —amp. or 2.28 times, and while with a
sine wave of voltage, one of the 750 — kw. generators would
easily be able to supply the charging current of the line, due
to the

wave shape distortion, more than two generators are re-
quired. It would, therefore, not be economical to use these
generators on the transmission line, if they can be used for
any other purposes, as short-distance distribution.

In Figs. 47 and 48 are plotted the voltage wave and the
current wave, from equations (9) and (14) respectively, and

the numerical values, from 10 deg . to 10 deg ., recorded in



Table XII.

In Figs. 47 and 48 the fundamental sine wave of volt-
age and current are also shown. As seen, the distortion of
current 1s enormous, and the higher harmonics predominate
over the fundamental. Such waves are occasionally observed
as charging currents of transmission lines or cable systems.
97. Assuming now that a reactive coil is inserted in series
with the transmission line, between the step-up transform-
ers and the line, what will be the voltage at the terminals of
this reactive coil, with the distorted wave of charging current
traversing the reactive coil, and how does it compare with
the voltage existing with a sine wave of charging current?

Let L = inductance, thus x = 27 fL = reactance of
the coil, and neglecting its resistance, the voltage at the
terminals of the reactive coil is given by

, d?

= =T 1
e T (18)

Substituting herein the equation of current, (11), gives



e’ = x {aysin 0 + 3assin 30 + Sas sin 56 + Taz sin 70
—by cos @ — 3b3 cos 30 — 5b; cos 50 — Thr cos 70} ; |

(19)

hence, substituting the numerical values (13),

e/ = x{13.12sin 0 — 15.09sin 30 — 93.6 sin 50 + 135.1 sin 70
—0.07 cos 8 + 0.90 cos 360 + 5.75 cos 50 — 23.6 cos 70}
— 2 {13.12sin (0 — 0.3°) — 15.12sin (30 — 3.3°)
—93.8sin (50 — 3.6°) + 139.1sin (76 — 9.9°)}
(20)

This voltage gives the effective value

1
E = x\/§ {13.122 4 15.122 + 93.8% + 139.1°} = 119.4x,

while the effective value with a sine wave would be from

(7).

E{=xl; =9.3x



hence, the voltage across the reactance x has been in-

creased 12.8 times by the wave distortion.



Fig. 28. Circular Trigonometric Functions.
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Fig. 29. Triangular Trigonometric Functions.
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Fig. 30. Second Quadrant.
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Fig. 32. Fourth Quadrant.




Fig. 33. Functions of Negative Angles.



Fig. 34. Functions of Supplementary Angles.



Fig. 35. Functions of Complementary Angles.
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Fig. 36. Functions of Angles Plus or Minus 7.






Fig. 38. Functions of Angles Minus 7.
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Fig. 39. Polyphase Relations.



Fig. 40. Triangle.
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Fig. 41. Periodic Functions.
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Fig. 43. Curve of ysin 36.




Fig. 44. Generator e.m.f. wave.
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Fig. 45. Mean Daily Temperature at Schenectady.



I11.

[5 cos 20 Yosin20 | ¢; = ascos20 4+ bysin 20 | v3 = y9 — ¢y | Y3 cos 36
27 0 -15 -12 -12
-14 -5 -12 -3 -3
-5 -4 -7 +1 0
+1 +2 -1 +3 0
+2 +9 +4 +5 -2
-2 +12 11 +1 -1
-6 +10 13 -1 +1
-12 +10 15 +1 -1
-13 +5 16 -2 +1
-10 0 15 -5 0
-6 -2 12 -6 -3
-2 -1 7 -5 -4
+1 +2 +1 -3 -3
+1 +6 -4 -2 -2
-2 +10 -11 +1 0
-5 +10 -13 +2 0
-9 +8 -15 +3 -1
-12 -4 -16 +3 -3
-13 0 -15 +2 -2
-11 -4 -12 0 0
-6 -6 -7 -1 0
-2 -4 -1 -4 0
0 0 +4 -4 -2
-1 +0 11 -5 -4
-6 +11 13 0 0
-15 +12 15 +4 +4
-22 +8 16 +7 +3
-23 0 15 +8 0

10



Table V.

()1 @)VI(3) ul(4) v | (5) y 2/(6) 1 (7) v
-90 |+ 3.3 -0.30

-80 |+ 0.35 +0.70

=70 |- 1.75 +1.00

-60 |- 3.90 +0.65

-50 |- 5.8D +0.60

-40 |- &8.15 +0.30

-30 1-10.10 +0.35

-20 1-10.80 -0.05

-10 |-12.15 -0.30

0 -13.10 |-13.10 | 0 +0.15 | +0.15 10
+101-13.55 |-12.85-0.70 | +0.10 [-0.10 | +0.20
+20-13.65 |-12.23|-1.42 |-0.30 |-0.17 |-0.12
+301-13.55 |-11.82 |-1.73 |-0.60 |-0.12 |-0.47
+401-12.35 -10.25 1-2.10 |-0.20 | +0.30 |-0.50
+001-11.20 |- 8.53 |-2.67 |-0.15 | +0.22-0.37
+60-9.75 |-6.82 |-2.93 -0.60 |+0.02]-0.62
+70]-7.65 |-4.70 [-2.95 [-0.90 |+0.05]-0.95
+301-6.05 |-2.85(-3.20 [-0.90 |-0.10 |-0.80
+90 |- 3.35 |0 -3.35 [-0.30 -0.30 |0




Table VIII.
COSINE SERIES us.

(1) (2) ug | (3) ugcos26 | (4) ascos260 | (5) ug| (6) ugcosdd | (7) ay
0
0 +0.15 1 3(4+0.15) |0 +0.15] 2(+0.15)  |-0.16
10 -0.10 [-0.09 |..... -0.10 |-0.08 -0.12
20 -0.17 1-0.13  |..... -0.17 1-0.03 -0.03
30 -0.12 |-0.06 -0.12 | +0.06 +0.08
40 +0.30 | +0.05 +0.30 1-0.29 +0.15
50 +0.221-0.04 +0.221-0.21 +0.15
60 +0.02 -0.01 +0.02 1-0.01 +0.08
70 +0.05 -0.04 +0.05 | +0.01 -0.03
80 -0.10 | +0.09 -0.10 |-0.08 -0.12
90 -0.30 | 5(+0.30) 0 -0.30 | 5(+0.30) -0.16
Total -0.01 -0.71
8 -0.001 -0.079

by 2 -0.002 -0.158

— a9 R}




Table IX.

SINE SERIES ws.

(1)

(2)

6 | v (3) vasin26 | (4) bysin260 | (5) v4 | (6) vdsindf (7) by
0 |0 0
10} +0.20 +0.07 -0.20 +0.40 | +0.26 +0.22
201-0.12 -0.08 -0.39 +0.27 | +0.27 +0.34
30 1-0.47 -0.41 -0.52 +0.05 | +0.04 -+0.30
40 1-0.50 -0.49 -0.59 +0.09 | +0.03 +0.12
50 [-0.37 -0.36 -0.59 +0.22 1-0.08 -0.12
60 |-0.62 -0.54 -0.52 -0.10 | +0.09 -0.30
701-0.95 -0.61 -0.39 -0.56 | +0.55 -0.34
80 1-0.80 -0.27 -0.20 -0.60 | +0.39 +0.22

Total....... -2.69 +1.55

Divided by 9 -0.30 0172

Divided by 2 |-0.60 +0.344

= by = by




Table X

Table XI

4) 0

(6)

(7)

Sl

-15.1

+8.5

+9.8

10

-16.5

+10

+4.5

20

-18.5

+11

+1.5

30

-21

+12

-1.7

40

-22.7

+13

-3.7

50

-23.7

+14

-5.4

60

-24

+15.11-5.8

30 |2

+9.8

-3.7

-1.5

+0.2

30

+4.5

-5.4

+1.7

+0.3

60

+1.5

-5.8

+3.7

-0.2

10

+95.7

90

-26.7

180

-34.3

270

- 3.3

10

+78.7

100

-27.3

190

-27.3

230

- 1.8

20

+53.7

110

-28.1

200

-16.8

290

+ 1.2

30

+23.7

120

-28.8

210

-11.3

300

+ 4.7

40

- 2.3

130

-29.3

220

- 8.3

310

+10.7

50

-16.3

140

-29.8

230

- 7.3

320

+22.7

60

-22.8

150

-31

240

- 6.3

330

+41.7

70

-24.3

160

-32.6

250

- 5.3

340

+065.7

80

-25.8

170

-33.8.

260

- 43

350

+85.7




Fig. 46.



Fig. 47.

Fig. 48.



